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Day 4 Session 2 

Vector Equation of a Straight Line 

 

ctar


 , parameterscalar :t  

linestraight  on thepoint  fixed a ofector position v:a


 

vectordirection :c


 

linestraight on point any  ofector position v:r


 

 

Remark   )( abtar


  

   or btatr  )1(  

 

 

Exercise Find the vector equation of the straight line 1 , in the direction of kji 22   

and passing through the point with position vector )3,2,1(  . 

Exercise Find the vector equation of the straight line through the point )4,5,3(   in the 

direction of kji  . Find also the point on this line which has i4  as one 

component vector of its position vector. 

Exercise  Find the equation of the line joining the points )6,2,1( A  and )3,8,4(B .  

Find the coordinates of the point of intersection of this line and the x-y plane and 

the ratio in which x-y plane divides AB . 

Exercise  Let )0,7,8( A  and )3,1,2( B . 

   (a) Find the equation of the straight line AB . 

   (b) Find the perpendicular distance from the point )9,7,4( P  to the line AB . 

    Find also the foot of perpendicular. 

Exercise  The line joining two points )1,8,1( P  and )2,4,4( Q  meets the xz  and 
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yz planes  

   respectively at R  and S . Find the coordinates of R  and S  and the ratios in 

which they 

   divide PQ . 

Remark In above example (b), the distance from P  to AB  may also be found directly 

without calculating the foot of perpendicular. The method is outlined as follows: 

By referring to Figure, 

  
AB

APAB
APPR


 sin  

Since 

   

Exercise  By finding the foot of perpendicular from the point )13 ,1, 10( P to the line,  

)5(4 5: jitkirL  , find the equation of straight line passing through P  

and perpendicular to L , find the perpendicular distance from P  to L  . 

The Distance Between Two Points 

Distance between ),,( 111 zyxA  and ),,( 222 zyxB  is 2

21

2

21

2

21 )()()( zzyyxx  . 

Section Formula 

Let ),,( zyxP  divide the joint of ),,( 111 zyxA  and ),,( 222 zyxB  in the ratio 
n

m

PB

AP
  

The Coordinate of the point P  is 




















nm

nzmz

nm

nymy

nm

nxmx 121212 ,,  

 

Equations of Straight Lines 

In vector form, the equation of straight line is ctar


 , where r


 is the position vector of any 

point in the line, a


 is fixed point on line and c


 is direction vector of line. 

If ),,( zyxr  , ),,( 111 zyxa  , ),,( cbac  , we have  
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   kzjyix


   = )(a111 kcjbitkzjyix


  

      = ktczjtbyitax


)()()( 111   

Since kji


 ,,  are basis vectors in 3R , we have           

  

 















tczz

tbyy

taxx

1

1

1

 or  
c

zz

b

yy

a

xx 111 






 

Parametric Form of a Straight Line 

The equation of the straight line passing through the point ),,( 111 zyx  and with direction vector 

),,( cba  can be expressed in the form of  















1

1

1

zctz

ybty

xatx

 where t  is a parameter.  

This is called the parametric form of the straight line. 

Symmetric Form of a Straight Line 

The equation of the straight line passing through the point ),,( 111 zyx  and with direction vector 

),,( cba  and is  

c

zz

b

yy

a

xx 111 






 

and this is called the symmetric form of the straight line. 

 

General Form of a Straight Line 

The equation of a straight line can be written as a linear system 









0

0

2222

1111

DzCyBxA

DzCyBxA
 

which is called the general form of a straight line. 

 

If given two points ),,( 1111 zyxP , ),,( 2222 zyxP , the equation of straight line becomes   

   














)(

)(

)(

121

121

121

zztzz

yytyy

xxtxx

 or 
12

1

12

1

12

1

zz

zz

yy

yy

xx

xx














 

Exercise  Find the equation of the line joining the points )3,0,2(  and )2,1,4(  . 
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Exercise  Find the equation of the line which passes through )2,3,1(   and intersects the line  

2

1

31

2






 zyx
 

Exercise  
1  is a line passing through )3,0,1( A  and )2,4,2( B , 

2  is another line 

passing  

through )1,4,2( C  and )3,8,6( D . Find, in degrees, the acute angle between 
1  

and 
2 . 

Exercise  Given two lines 

      
1

1

1

1

1

1
1 :

n

zz

m

yy

l

xx
L








 

      
2

2

2

2

2

2
2 :

n

zz

m

yy

l

xx
L








 

   the angle between two line is   

 

Exercise Find the parametric form of a straight line L  which passes through the point 

)1,1,1(  and parallel to the straight line 
3

2

1

4

2

3
:1









 zyx
L . Show also that 

this line is perpendicular 

 to the straight line 















4

16

23

:2

z

ty

tx

L . 

S 1 

 Let 














111

111

111

1 :

nzz

myy

lxx

L







  and  














222

222

222

2 :

nzz

myy

lxx

L







 

To find the intersection point of line 21   and  LL  

we solve  














222111

222111

222111

nznz

mymy

lxlx






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i.e. find 
21  and  . 

Note After finding 
21  and   is any two equations, 

21  and   must put into the 3rd 

equation in order to test whether it is satisfied or not. 

Exercise  Find the intersection point of the lines 
2

9

1

5

1

4











 zyx
 and 

1

4

21

2









 zyx
. 

Exercise  Find the intersection point of the lines 
3

6

2

3

1

2 





 zyx
 and 

5

11

3

6

2

4 





 zyx
. 

S 2 

Distance of a point ),,( 000 zyxP  from the line 
n

zz

m

yy

l

xx 111 






 

FIND 'P . 

 Let 'P  be )  ,  ,  ( 111 nzmylx   . 

 Direction vector of  'PP  ) , ,( 010101 znzymyxlx    

 Direction vector of line ) ,  ,( nml  

 0)  ,  ,  () , ,( 010101  nmlznzymyxlx   

 As   is formed, 'P  can be determined and so 'PPd   

Exercise  Find the perpendicular distance from the point )9,7,4( P  to the line 

1

2

2

1

2

2
:









 zyx
L . 

Exercise (a) Find the vector equation of the straight line 1 , in the direction of 

kji 22   and  

passing through the point with position vector )3,2,1(  . 

  (b) Find a vector parallel to the straight line 2  with vector equation 

ktjtitr )63()22()1(   

    where t  is a scalar parameter. 
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  (c) Determine whether 
1  meets 

2 ; if so, find the point of intersection of 
1  

meets 
2 . 

  (d) Find the angle between 
1  meets 

2 . 

Exercise   If the foot of the perpendicular from the point )9,7,4( P  to the line 

1

3

2

1

2

2
:









 zyx
L  

   is Q , find the coordinates of Q. Hence, find the perpendicular distance from P  

to L . 

Exercise   Consider the two straight lines 
2

3

2

2

1

1
:1









 zyx
L  and 

3

6

2

2

1

1
:2









 zyx
L . 

   Find the point of intersection of 
1L  and 2L . 

   Find also the acute angle between 
1L  and 2L . 

Exercise   Let kjia  3 , jib 63   , kjic 342   be the position vectors of the 

points A ,  

B  and C  respectively. 

(a) Find the equation of the line L , which passes through A  and B . 

   (b) Find the shortest distance from C  to L . 

Theorem  Given  
1

1

1

1

1

1
1 :

n

zz

m

yy

l

xx
L








  and       

       
2

2

2

2

2

2
2 :

n

zz

m

yy

l

xx
L








 

21 // LL    Their direction vectors are parallel   
2

1

2

1

2

1

n

n

m

m

l

l
  

Remark  21 LL     0212121  nnmmll  

Plane and Equation of Plane  

A vector perpendicular to (or orthogonal to) a plane is a normal vector to that 

plane. In Figure, n  is a normal vector of the plane )( .  
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Normal vector of a plane is not unique, for if n  is a normal vector, then na  (a is any non-zero 

real number) is also a normal vector. 

Let ),,( 0000 zyxP be a fixed point and ),,( zyxP  be any point on it. 

Set ), , ( CBAn   i.e. A, B, C are given. 

  00 nPP


             ( Vector 

Form ) 

We have 0),,(),,( 000  CBAzzyyxx  

   0)()()( 000  zzCyyBxxA         ( Normal 

Form ) 

Remark  The general form of plane equation is 0 DCzByAx . 

   Furthermore, if three points are given, ),,( iiii zyxP  3,2,1i . 

     















0

0

0

333

222

111

DCzByAx

DCzByAx

DCzByAx

 

      















0)()()(

0)()()(

0)()()(

323232

212121

111

zzCyyBxxA

zzCyyBxxA

zzCyyBxxA

 

      























































0

0

0

323232

212121

111

C

B

A

zzyyxx

zzyyxx

zzyyxx

 

   0),,(  CBAn   The system has non-trivial solution of CBA ,, . 

   Hence, 0

323232

212121

111









zzyyxx

zzyyxx

zzyyxx

. It is an equation of plane.  ( 3 Point Form ) 

Exercise  Find the equation of the plane passing through the points )3,4,2(P , )9,1,4(Q  and 

)6,1,0( R . 

   Find also its distance from the origin. 
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Exercise Find the equation of the plane passing through the point )3,2,1(  and parallel to the 

plane 343  zyx . Find also its distance from the origin. 

Exercise Find the equation of the plane containing the line 
12

3

1

3 zyx






 and the 

origin. 

Exercise Find the equation of the plane passing through the origin and the point )2,1,3(   

and parallel 

 to the line 
1

1

2

1

2

1 







 zyx
. 

Exercise  Find the equation of the plane containing the point )4,3,2(P  and perpendicular to 

both of the planes 0822:1  zyx  and 0732:2  zyx . 

Example Let   be the plane containing )0,1,2( , )1,0,1(  and )1,0,3( . Suppose L  is the 

straight line passing through )2,0,0(A  and perpendicular to  . Find 

    (a) the equation of  , 

    (b) the coordinates of the point of intersection of L  and  , 

    (c) the distance from A  to  . 

Ans:    (a) 01 zy   (b) )
2

3
,

2

1
,0(    (c) 

2

2
 

Exercise  Find the equation of the plane which contains the origin and the line 

2

3
2

2

1






 z
y

x
. 

Exercise Find the coordinates of the point at which the line joining the points (3,1,4) and 

)1,6,2(  meets the plane 332  zyx . 

Exercise Find the equations of the line which contains the point (2,3,4) and is parallel to the 

line of intersection of the planes 12  zyx  and 0332  zyx . 

Exercise Find the equation of the plane which contains the line 102936  zyx  and 

is at right angles to the plane 1372  zyx . 

Exercise Find the equation of the plane containing the parallel lines 
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3

2

2

1

1

1
:1









 zyx
L  and 

3

3

2

1

1
:2









zyx
L . 

Exercise Find the equations of the following planes. 

 (a) Passing through the points )3,8,2(),0,1,3(  and )2,3,1(  . 

 (b) Having x intercept = 3  and perpendicular to the line joining the points 

)4,1,5(   to )7,1,1(  .l 

 (c) Contains the line 662  zyx  and parallel to the line 

.1221 zyx   

 (d) Contains the lines 

   
3

5

2

3 





zy
x   and 

3

2

5

1

2

1 





 zyx
. 

Exercise  Find a formula in order to find the distance from a fixed point ),,( 000 zyxP  to the 

plane    0 DCzByAx . 

The perpendicular distance between a point and a plane 

 

Theorem  The perpendicular distance between a point ),,( 111 zyxP  and a plane 

    0:  DCzByAx  is  

     
222

111   

CBA

DCzByAx
d




  

Proof   Let ),,( 0000 zyxP  be any point on the plane )( . 

    CkBjAi   is a vector normal to the plane )( . 

    The unit vector n  normal to the plane )(  is 
222 CBA

CkBjAi
n




 . 

The perpendicular distance d  between the point P  and the plane is equal 

to the magnitude of the projection of PP0  on n .  

Therefore  d  =    0 nPP   

=    )()()( 
222

010101

CBA

CkBjAi
kzzjyyixx




  
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= 
222

010101  )()()( 

CBA

zzCyyBxxA




 

        = 
222

000111   

CBA

CzByAxCzByAx




 

    But,  000 CzByAxD  , since ),,( 0000 zyxP  lies on the plane. 

       
222

111   

CBA

DCzByAx
d




  

Exercise  Find the perpendicular distance between two parallel planes 

   62:)( 1  zyx  and 05422:)( 2  zyx . 

Solution  Take a point )3,0,0(P  on )( 1 . 

   The required distance is just the perpendicular distance between P  and )( 2 . 

   i.e. d  = 
222 4)2(2

 5340202 




 = 6

12

17
 units. 

Exercise  Find the equations of the two planes which are parallel to the plane  

   014263:)(  zyx  

   and are 5 units away from the point )3,1,2( P . 

Angles Between Two planes 

Given 2 planes 0: 11111  DzCyBxA  and 0: 22222  DzCyBxA  

The angle between two planes is   and  , which are a pair of supplementary angles and  

cos2121 nnnn   

  cos  = 
))((

),,( ),,(

2

2

2

2

2

2

2

1

2

1

2

1

222111

CBACBA

CBACBA




 

Remark  (a) 21 //    scalartntn :     ,  21   

         t
C

C

B

B

A

A


2

1

2

1

2

1  

    (b) 21        021 nn  

         0212121  CCBBAA  
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Equation of Plane Containing Two Given Lines 

Given two lines 
1

1

1

1

1

1
1 :

n

zz

m

yy

l

xx
L








 

2

2

2

2

2

2
2 :

n

zz

m

yy

l

xx
L








 

 The normal vector of the required plane 

    n  = ),,(),,( 222111 nmlnml   

     = 

222

111

 

  

nml

nml

kji

 

     = kmlmljnlnlinmnm  )( )( )( 122112211221   

    n  = )  ,   , ( 122112211221 mlmlnlnlnmnm   

   The equation of the plane  

 

Exercise  Find the equation of the plane containing two intersecting lines. 

     
24

1

3

2
:1







 zyx
L  and 

23

1

1

2
:2

zyx
L 







 

Solution 

Exercise 

 Solve 








0zy2x6

1z2y4x3
 

From the above examples we conclude that the intersection of two planes is a line. 

Alternatively, 

 consider 21 nnk   

Family of Planes 

Given two planes  0: 11111  DzCyBxA  

     0: 22222  DzCyBxA  

The family of planes is any plane containing the line of intersection 21  and  . 

0)(: 22221111  DzCyBxAkDzCyBxA , where k is a constant. 
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Exercise  Find the equation of the plane containing the line 








056

42

zyx

zyx
 and 

passing  

the point )2,1,1( . 

Exercise Find the equation of the plane containing the line 








8

42
:1

zy

zx
L  and 

parallel to the line 
4

7

3

4

2

3
:2







 zyx
L . 

Exercise  (a) The position vector of a point ),,( zyxP  is given by zkyjxir  . 

    In Figure, ),,( 0000 zyxP  is a point on the plane dnr : . 

The line ,: 0 tarr   where t  is a real scalar and 

,0000 kzjyixr  passing through 0P  and does not lie on  . 

 

 

 

 

 

 

 

Show that the projection of   on   is given by 











 n

nn

na
atrr 0  

where t  is a real scalar. 

   (b) Consider the lines )32(263:1 kjitkjir   

    and    )4198(21910:2 kjitkjir   

    and the plane  4)24(:  kjir  

    (i) Let A  and B  be the points at which   intersects 1  and 2  

respectively. 

Find the coordinates of A  and B  and show that AB  is 

perpendicular to both 1  and 2 . 

    (ii) Show that the projections of 1  and 2  on   are parallel. 

Theorem  Two given planes 
B

yy

A

xx 11
1 :





  and 

C

zz

B

yy 11
2 :





 . 

Prove that the equation of any plane through the line of intersection of 21  and   

must contain a line 
C

zz

B

yy

A

xx
L 111:








 

Proof  The equation of plane through the line of intersection of 21  and   is  
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  )*(         0)()(()()( 1111  zzByyCkyyAxxB  

  Normal Vector of (*) )  ,  ,  (1 BkkCABn  . 

  Direction vector of line )  ,  ,  (   : 2 CBAnL   

    021 nn  

     (*)  is parallel to line L . 

  Since (*)  and L  pass through the point ),,( 111 zyx . 

     (*)  contains L . 

Coplanar Lines and Skew Lines 

Coplanar Lines 

Definition Two lines are said to be Coplanar if there exists a plane that contains both lines. 

Two lines are Coplanar   they must be either parallel or they intersect. 

 

Theorem  Two lines 
1

1

1

1

1

1
1 :)(

c

zz

b

yy

a

xx
L








 and 

2

2

2

2

2

2
2 :)(

c

zz

b

yy

a

xx
L








  

     are coplanar if and only if 0

222

111

212121





cba

cba

zzyyxx

 (*)    

\Exercise  Show that the two lines  

     
3

1

5

2

2

3
:1









 zyx
L  and 

2

6

1

2

4

1
:2









 zyx
L  

   are coplanar and intersect. 

Exercise  Show that the two lines    

32

1

1

2
:1

zyx
L 





 and 

2

3

1

2

4

1
:2









 zyx
L  are coplanar. 

Exercise If the lines 
1

44

1

2 





 z

p

yx
 and 

q

zyx 2

1

3

1







  are coplanar and 

perpendicular to each other, find p  and q . 

Exercise Show that the lines 
3

4

1

3

2

2 







 zyx
, 

2

1

3

1

1

3









 zyx
 are coplanar. 
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 Find the intersection and find the equation of the plane containing them. 

Exercise  (a) Show that the two lines 
1

3

2

2

1

1
:1









 zyx
L  and 

1

1

2

1

3

1
:2









 zyx
L   

   are non-coplanar. 

(b) Find a straight line passing through the origin and intersecting each of the 

lines 
1L  and 

2L . 

Skew Lines 

Two straight lines are said to be Skew if they are non-coplanar i.e. neither do they intersect nor 

are they being parallel. 

To find the shortest distance between them, we have to find the common perpendicular to both 

lines first. The method is illustrated by the following example. 

Exercise  It is given that the two lines  

1

1

21

5
:1






 zyx
L  and 

11

4

1

2
:2

zyx
L 







 

   are non-coplanar. Find the shortest distance between them. 

Exercise  Solve 








0

0
:1

zy

yx
L  and 















tz

y

tx

L

1

1

21

:2 . 

Exercise  Consider the line 
21

2

2

1
:

zyx
L 







 and the plane 0:  zyx . 

   (a) Find the coordinates of the point where L  intersects  . 

  (b) Find the angle between L  and  . 

Exercise  Let 1L  be the line of intersection of the planes 1 zyx  and 5 zyx , 

and 2L  be the line of passing through )1,1,1(   and intersecting 1L  at right line. 

 (a) Find a parametric equation of 1L . 

 (b) Find the coordinates of the point of intersection of 1L  and 2L , and a 

parametric equation of 2L  
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Exercise Find the image of the line 
6

3

1

2

2

1









 zyx
 in the plane 24523  zyx . 

Exercise (a) Let nm,  be vectors in 3R . Show that 

  (i) 
2

det nm
nnnm

nmmm













 

  (ii) )()()( nmnnnmmnn   

 (b) Two planes 0)(  mar  and 0)(  nbr  intersect in a Line L , where 

nmba ,,,  are constant vectors and r  is any position vector 3R . Express the 

real numbers   and   in terms of mba ,,  and n  such that the point 

represented by the position vector nmp    lies on the line L . 

  Show that  

22

)(
)(

)(
)(

nm

mnm
nb

nm

nmn
map









  

Exercise Consider the line 
21

2

2

1
:

zyx
L 







 and the plane 0:  zyx . 

 (a) Find the coordinates of the point where L  intersects  .  

 (b) Find the angle between L  and  . 

Ans: (a) )2,3,1(    (b) 







 

3

1
cos

2

1
 

Exercise Find the equations of the straight line which satisfies the following two conditions: 

 (i) passing through the point )3,2,4(  , 

 (ii) parallel to the planes 010  zyx  and 02  yx  

Ans:   
1

3

1

2

2

4 







 zyx
 

Exercise Find the equation of the plane passing through the line of intersection of the planes 

  01 zyx  and 034  zyx  

 and parallel to the straight line )1(331  zyx . 

Ans: 022  zyx  

Exercise If the lines 
1

44

1

2 





 z

p

yx
 and 

q

zyx 2

1

3

1







  

 are coplanar and perpendicular to each other, find p  and q . 
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Ans: 


























2

1
2

1

        
1

2

q

p
or

q

p
 

Exercise Consider the lines  

3

3

2

3

1

2
:1







 zyx
L  and  

5

11

3

6

2

4
:2







 zyx
L  

(a) Prove that 
1L  and 

2L  are non-coplanar． 

(b) (i) Find the equation of the plane   containing 
1L  and parallel to  2L ． 

(ii) Find the equation of the plane '  containing 2L  and perpendicular to 

 . 

(c) (i) Find the point S  at which 
1L  intersects ' ． 

(ii) Find the equations of line through S  and perpendicular to both 
1L  and 

2L . 

Ans:   (b) (i) 02  zyx   (ii) 0178  zyx  

   (c) (i) )0,1,1(     (ii) 
1

0

1

1

1

1









 zyx
 

Exercise Find the equation of the plane containing the line 
2

2

2

1

3

1
:)(







 zyx
L  and 

the point )3,1,1(A  

Ans: 13632  zyx  

Exercise (a) The position vector of a point  zyxR ,,  is given by zkyjxiz  ．In 

the  

figure﹐  0000 ,, zyxR  is a point on the plane : r．n=  ． 

The line : r=r 0 + t a﹐ where r 0 = kzjyix 000  ﹐ passes through 0R  and 

does not lie on  ． 
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Show that the projection of   on   is given by 

:' r=r 0 + Rtt 











 ,n

nn

na
a ． 

(b) Consider the lines 















tz

ty

tx

1

33

21

:1   ﹐ Rt  and 















tz

ty

tx

42

19

82

:2    ﹐

Rt  

and the plane 0424:1  zyx ． 

(i) Let 1P  and 2P  be the points at which 1  intersects 1  and 2  

respectively． 

Find 1P  and 2P  and show that the line segment 21PP  is 

perpendicular to both 1  and 2 ． 

(ii) Show that the projections of 1  and 2  on 1  are parallel． 

Exercise (a) Let 





























trcz

tqby

tpax

and

trcz

tqby

tpax

22

22

22

2

11

11

11

1 ::   be two given lines．Suppose 

1   

and 2  intersect． 

(i) Show that 0

2121

2121

2121









rrcc

qqbb

ppaa

 

(ii) If 1  and 2  are distinct﹐ find a vector normal to the plane containing 1  
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and 
2 ． 

Hence﹐ or otherwise﹐ obtain the equation of this plane． 

(b) Consider the lines  















rtz

qty

ptx

L :1 ,  















pqz

rty

qtx

L :2  and  















qtz

pty

rtx

L :3  

where qp ,  and r  are distinct and non-zero．Find the equation of a plane 

containing 
1L  and perpendicular to the plane which contains 2L  and 3L  

when  

(i) 0 rpqrpq  

(ii) 0 rpqrpq  


