| Vectors and 3D

Day 4 Session 2

Vector Equation of a Straight Line

r=a+tc, t:scalar parameter
. position vector of a fixed point on the straight line
: direction vector
- position vector of any point on straight line

F=a+t(b—a)

or r= (1—t)5+t5

Exercise Find the vector equation of the straight line ¢, in the direction of i—2j+2k
and passing through the point with position vector (-1,2,-3).

Exercise Find the vector equation of the straight line through the point (3,5—4) in the
direction of i— j+k. Find also the point on this line which has 4i as one
component vector of its position vector.

Exercise Find the equation of the line joining the points A(-1,2,—6) and B(-4,8,3).

Find the coordinates of the point of intersection of this line and the x-y plane and
the ratio in which x-y plane divides AB.

Exercise Let A=(8,-7,00 and B=(2,-1-3).

(@) Find the equation of the straight line AB.
(b) Find the perpendicular distance from the point P(4,7,-9) to the line AB.
Find also the foot of perpendicular.

Exercise line joining two points P(18,-1) and Q(4,-4,2) meets the xz— and
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yz —planes

respectively at R and S. Find the coordinates of R and S and the ratios in
which they
divide PQ.
In above example (b), the distance from P to AB may also be found directly
without calculating the foot of perpendicular. The method is outlined as follows:
By referring to Figure,
AB x AP

PR = APsin 6 :‘T
4

Exercise By finding the foot of perpendicular from the point P(10,-1,., .« «..c ....c,
L:r=i+5k+t(4i-5j), find the equation of straight line passing through P
and perpendicular to L, find the perpendicular distance from P to L .

The Distance Between Two Points

Distance between A(X,,Y;,z,) and B(X,,Y,,z,) is \/(xl —X%,) 2+ (Y, = Y,) +(z,-2,)° .

Section Formula

Let P(x,y,z) divide the jointof A(x,,Y,;,z;) and B(X,,Y,,z,) intheratio %:m
n

The Coordinate of the point P is (mXZ + X, My, +ny, Mz, + nzlj

m+n ' m+n  m+n

In vector form, the equation of straight line is ¥ =&+1tC, where [ is the position vector of any

Equations of Straight Lines

X

point in the line, & is fixed point on line and C is direction vector of line.

If r= (X' y,Z) 1a:(xliyllzl),c = (a,b,c), We haVe
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Xi +Yj +zk x i +Y,] +2z,K +t(@i +bj +ck)
(%, +ta)i +(y, +th) ] +(z, +tc)k
Since i, ],k are basis vectorsin R®, we have
X X + ta

y y, + tb
z = 7, + fc

Parametric Form of a Straight Line
The equation of the straight line passing through the point (x;,Y;,z,) and with direction vector

X at +x
(a,b,c) can be expressed in the form of y bt +y, where t isaparameter.
z ct +1z,

This is called the parametric form of the straight line.

Symmetric Form of a Straight Line

The equation of the straight line passing through the point (x;,Y;,z,) and with direction vector
(a,b,c) andis

and this is called the symmetric form of the straight line.

General Form of a Straight Line
The equation of a straight line can be written as a linear system

Ax +By +C;z +D,
Ax +B,y +C,z +D,

which is called the general form of a straight line.

If given two points P (X,,Y,,2,),P,(X,,Y,,Z,), the equation of straight line becomes

X = X + tX,—X)

y = % + t(yz_yl) or
z = 7, + t(z,-1)

X=X — y-yv. _2-4

X=X Y.=Y 2,7

Exercise Find the equation of the line joining the points (2,0,3) and (4,-12).
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Exercise Find the equation of the line which passes through (1,—3,2) and intersects the line
x=2_y_z+l
1 3 -2
Exercise ¢, is aline passing through A(1,0,-3) and B(2,—4,-2), ¢, isanother line
passing
through C(2,-4,-1) and D(6,-8,—3). Find, in degrees, the acute angle between ¢,
and /,.

Exercise Given two lines

X=X Y=Y _2-1
I, m, n,

L,:

the angle between two line is 6 =

Exercise Find the parametric form of a straight line L which passes through the point

Xx-3 y-4 7+2
-1

(111) and parallel to the straight line L, : . Show also that

this line is perpendicular

X
to the straight line L, :qy
z

Xl + //Llll
y, + Am and

Zl + Z’Inl
To find the intersection point of line L, and L,

X, +A4lL X, +A4,l,
wesolve <y, +Am y, +4,m,
z, +A4N0 z, +4,n,
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i.e. find A and A,.

After finding A4, and A, is any two equations, A, and A, must put into the 3rd

equation in order to test whether it is satisfied or not.

-4 y-5 7-9
-1 =2

Exercise Find the intersection point of the lines and

X—2 4—-7
—1 )

Exercise Find the intersection point of the lines

x-4 y-6 z-11
2 3 5

S2

— X — y—-VY, :Z_
m

. . X
Distance of a point P(X,,Y,,z,) from the line

FIND P'.
Let P' be (x,+Al,y, +Am,z +4n).
Direction vector of  PP' (X, + Al =X,, y, + AM—Y,, 2z, + An—2,)
Direction vector of line (I, m,n)

(X, + AU =X, Yy, +AM—y,, 2, +An—=2,)-(I,m,n)=0
As A isformed, P' can be determined and so d =|PP

Exercise Find the perpendicular distance from the point P(4,7,—9) to the line

X=2 y+1 z+2

L =
2 -2 1

Exercise (@ Find the vector equation of the straight line ¢, , in the direction of
i—2j+2k and
passing through the point with position vector (-1,2,-3).
(b) Find a vector parallel to the straight line ¢, with vector equation
r=(-t+i+(2t-2)j+@Bt+6)k

where t is ascalar parameter.
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(c) Determine whether ¢, meets /,; if so, find the point of intersection of ¢,
meets /.
(d) Find the angle between ¢, meets /,.

Exercise If the foot of the perpendicular from the point P(4,7,-9) to the line

Xx—2 y+1 z+3

L: =
2 -2 1

is Q, find the coordinates of Q. Hence, find the perpendicular distance from P

L.

Xx+1 y-2 z+3
-2 2

and

Exercise Consider the two straight lines L, :

Xx-1 y+2 7-6

L,:
2T 1 2 3

Find the point of intersectionof L, and L,.
Find also the acute angle between L, and L,.
Exercise Let a=i+3j—-k, b=3i+6j , c=-2i+4j—-3k be the position vectors of the
points A,
B and C respectively.
(@) Find the equation of the line L, which passes through A and B.
(b) Find the shortest distance from C to L.
- X=X _ Y-y, _2-1

= and
Il ml nl

LZZX_XZ — Y-y, _Z_Zz

Theorem Given

|2 m2 n2
o L m n
L,//L, < Theirdirection vectors are parallel & —=—=—
I2 m2 r]2
Remark LLL < LL+mm,+nn,=0
Plane and Equation of Plane

A vector perpendicular to (or orthogonal to) a plane is a normal vector to that

plane. In Figure, n isanormal vector of the plane (r).

EDUDIGM 1B Panditya Road, Kolkata 29 } } www.edudigm.in 40034819 |




Vectors and 3D \ Page 7

Normal vector of a plane is not unique, for if n is anormal vector, then an (ais any non-zero

real number) is also a normal vector.
Let P,(X,,Y,,2Z,)be afixed pointand P(x,y,z) be any pointon it.

Set n=(A,B,C) i.e. A B, Care given.

D

PP-n=0 ('Vector
Form)
We have (X—X,,¥Y—Y,,.2—2,)-(AB,C)=0
= AX—X,)+B(y—-y,)+C(z-2,)=0 ( Normal
Form)
Remark The general form of plane equation is Ax+By+Cz+ D =0.

Furthermore, if three points are given, P(x;,y;,z;) 1=123.

Ax, +By, +Cz; +D =0
Ax, +By, +Cz, +D =0
Ax, +By, +Cz; +D =0

A(X_X1) + B(y_y1) +C(Z_Zl) =0
A —X;) +B(Y,—Y,) +C(z,-2,) =0
A(X, —=X3) +B(Yy,-Y;) +C(z,-25) =0

X=X Y=y, z-z; (A 0
X=X, Yi—Y, 7,7, | B|=|0
Xa =X Y2=Y¥s 2~ 14 C 0

-n=(AB,C)=0 .. The system has non-trivial solution of A,B,C.

X=X Y=Y -1
Hence,|x, - X, VYy,—-Y, Z,—2,/=0.Itisan equation of plane. (3 Point Form))

Xy =X3 Yo—=VY3 Z,—14

Exercise Find the equation of the plane passing through the points P(2,4,3),Q(4,1,9) and
R(0,-1,6).

Find also its distance from the origin.
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Exercise Find the equation of the plane passing through the point (1,2,3) and parallel to the

plane x—3y+4z =3. Find also its distance from the origin.
Exercise Find the equation of the plane containing the line XT_3
origin.
Exercise Find the equation of the plane passing through the origin and the point (3,-1,2)

and parallel

x-1 y-1 z+1

to the line -
-2 1

Exercise Find the equation of the plane containing the point P(2,3,4) and perpendicular to
both of the planes 7, :2x-y+2z-8=0 and x,:x+2y—-3z+7=0.
Example Let ] be the plane containing (2,1,0), (4,0,1) and (3,0,1). Suppose L is the
straight line passing through A(0,0,2) and perpendicularto []. Find
(@) the equation of [T,
(b) the coordinates of the point of intersection of L and I,

(c) thedistance from A to [].

. _ _13
Ans: @ y+z-1=0 (b) (O, 2,2)

Exercise Find the equation of the plane which contains the origin and the line

XT_l y-2 :Z_—_23.

Exercise Find the coordinates of the point at which the line joining the points (3,1,4) and
(-2,6,1) meets the plane 2x+y—3z =3.

Exercise Find the equations of the line which contains the point (2,3,4) and is parallel to the
line of intersection of the planes x+y—-2z=1 and 2x-3y+z+3=0.

Exercise Find the equation of the plane which contains the line 6x=3y—-9=2z-10 and
is at right angles to the plane 2x+7y -3z =1.

Exercise Find the equation of the plane containing the parallel lines
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:x—1=y+1_z—2 and L2:5=

L, =
1 -2 3 1 -2

Exercise Find the equations of the following planes.
(a) Passing through the points (3,1,0),(2,8,3) and (1,3,-2).
(b) Having x—intercept= —3 and perpendicular to the line joining the points
(5-1-4) to (-11-7).l
(c) Containstheline x=y+2=6z-6 and parallel to the line
X+1=2y+-12z.

(d) Contains the lines

y-3 z-5

_ and x+1:y—1:z—2.
2 3 2 5 3

Exercise Find a formula in order to find the distance from a fixed point P(X,,Y,,Z,) to the

plane Ax+By+Cz+D=0.

The perpendicular distance between a point and a plane

Theorem The perpendicular distance between a point P(x,,Y,,z,) and a plane
7:AX+By+Cz+D=0 is

’ | A%, +By, +Cz,+D|
VA% +B? +C?
Let P,(X,,Y0.2Z,) beany pointon the plane (7). Polxo, ¥o, 25)
Ai + Bj +Ck is a vector normal to the plane (r).

Ai + Bj + Ck
VA% +B? +C?

The perpendicular distance d between the point P and the plane is equal

The unit vector n normal to the plane (z) is n=

to the magnitude of the projection of ﬁ on n.

‘

Therefore P,P-n

Ai + Bj + Ck

O O e
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| A(Xl _Xo)+ B(yl B yo)+c(21 _Zo) |

JA? +B% +C?

| Ax, + By, +Cz, — Ax, — By, —Cz, |
VA*+B*+C?

But, D=-Ax,-By,—-Cz,,since P,(X,,Y,.Z,) lieson the plane.

y =|Axl+By1+Czl+D|
VA? +B? +C?
Exercise Find the perpendicular distance between two parallel planes
(7):x—y+2z=6 and (r,):2x—-2y+4z+5=0.
Solution Take a point P(0,0,3) on (z,).
The required distance is just the perpendicular distance between P and (7,).

2x0-2x0+4x3+5| _ 17 /& units

ie. d =
V2% +(-2)2 + 42

Exercise Find the equations of the two planes which are parallel to the plane
(7):3x—6y+2z+14=0
and are 5 units away from the point P(2,1,-3).

Angles Between Two planes

Given 2 planes 7z, : Ax+B,y+C;z+D, =0 and r,:AXx+B,y+C,z+D, =0

The angle between two planesis ¢ and ¢, which are a pair of supplementary angles and

n, -n, =|n;|n,|cosé

(Al’ Bl’Cl)'(AZ’ Bz’cz)
(WA +B+C7)( A +B,” +C,%)

cosé

@ =Mz, < n=tn,, t:scalar

A B

_1
A, B,

o) n,lz, & n-n,=0

C.

< AA+BB,+CC,=0
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Equation of Plane Containing Two Given Lines

m

: : X— X - -1
Giventwo lines L : 1o YT =

Il
X=X _ Y-y
L=t =
2

I,

The normal vector of the required plane

n (I, m,n)x(l,,m,,n,)

(mn, —m,n) i—(ln, —=1,n,) j+(,m, —1,m )k
n (m1n2 —myn, ’_Ian +I2n1 ' I1m2 _IZml)

The equation of the plane

Exercise Find the equation of the plane containing two intersecting lines.

Ll:X;Zzy__'_lzi and |_2 :X;Zzy__'_lzi
3 4 -2 -1 3 2

Solution

Exercise

3X +4y +2z
Solve
6Xx +2y +z

From the above examples we conclude that the intersection of two planes is a line.
Alternatively,
consider  k=n; xn,
Family of Planes
Given two planes m, ' AX+By+C;z+D, =0
7, . AX+B,y+C,z+D, =0
The family of planes is any plane containing the line of intersection 7z, and r,.

7:AX+By+Cz+D, +k(AXx+B,y+C,z+D,)=0, where k is a constant.
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X =2 +Z
Exercise Find the equation of the plane containing the line { N 65 5,

passing
the point (-112).

X +2z
Exercise Find the equation of the plane containing the line Ll:{

—Z

Xx-3 y+4 z1-7
3 4
Exercise (@) The position vector of a point P(x,y,z) isgivenby r=xi+yj+zKk.
In Figure, Py(X,,Y,,Z,) isapointontheplane z:r-n=d.
The line /(:r=r,+ta, where t is a real scalar and
Iy = Xol + Y, J + Z,K, passing through P, and does not lieon =.

parallel to the line L, :

Show that the projection of ¢ on =z is given by r:r0+t(a—% j
where t is areal scalar.
(b) Consider the lines ¢, :r=-3i+6]+2k+t(2i —3j—k)
and 0, :r=101—-19) -2k +1(8i —19 —4k)
and the plane mir-(4i+j-2k)=4
(i) Let A and B be the points at which = intersects ¢, and /,
respectively.
Find the coordinates of A and B and show that AB is
perpendicular to both ¢, and /,.
(if) Show that the projections of ¢, and ¢, on x are parallel.
Theorem  Twogivenplanes 7z,: > —t=Y "Y1 gng 5, I Hh_2"4
A B B C
Prove that the equation of any plane through the line of intersection of 7z, and =,

) ) X — X — 7-12
must contain a line L: Alzy Vi _ L

B C

The equation of plane through the line of intersection of 7z, and 7, is
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B(x—x)—A(y —y,) +k(C(y-y,)-B(z-2,) =0
Normal Vector of (*) n, =(B,—A+kC,—-Bk).
Direction vector of line L: n,=(A,B,C)
n-n,=0
(*) isparallel to line L.
Since (*) and L pass through the point (x;,V,,z,).

(*) contains L.

Coplanar Lines and Skew Lines

Coplanar Lines
Definition ~ Two lines are said to be Coplanar if there exists a plane that contains both lines.

Two lines are Coplanar < they must be either parallel or they intersect.

Theorem  Twolines (L): > =" % _27%
al bl Cl

and (L,): X;

X=X,
are coplanar if and only if | a,

\Exercise Show that the two lines

Xx=3 y-2 z-1

L
"2 -5

and L,

are coplanar and intersect.

Exercise Show that the two lines

X—2 and I_2:x—1:y—2:z—3
1 4 1

X—2 y-4 z7-4
p 1
perpendicular to each other, find p and q.

L:

are coplanar.

Exercise If the lines and

-2
X z2-2
1 —— are coplanar and

x—2 y-3 z+4 x-3 y+1 z-1
= = : = = are coplanar.
-1 3 1 3 -2

Exercise Show that the lines
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Find the intersection and find the equation of the plane containing them.

x—1: y+2:z—3 and L2:x+1: y—1:z+1

Exercise (@ Show that the two lines L, :
-1 2 1 3 2 -1

are non-coplanar.
(b) Find a straight line passing through the origin and intersecting each of the

lines L and L,.
Skew Lines
Two straight lines are said to be Skew if they are non-coplanar i.e. neither do they intersect nor
are they being parallel.
To find the shortest distance between them, we have to find the common perpendicular to both
lines first. The method is illustrated by the following example.

Exercise It is given that the two lines

Ll:XT_szlzz__'_l and LZ:XT_Z y_4=

z

2 -1 -1 1

are non-coplanar. Find the shortest distance between them.
X 1 +2t

and L,:3y 1
z 1 +t

+y
+1z

X
Exercise Solve L, : {y

Exercise Consider the line L: XT_l = y_—12 = é and the plane 7:x+y+z=0.

(@) Find the coordinates of the point where L intersects 7.
(b) Find the angle between L and «.

Exercise Let L, be the line of intersection of the planes x+y+z=1 and x-y—-z=5,
and L, be the line of passing through (L1,—-1) and intersecting L, atright line.
(@ Find a parametric equation of L,.
(b) Find the coordinates of the point of intersection of L, and L,, and a

parametric equation of L,
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Exercise

Exercise

Exercise

Ans:

Exercise

Ans:

Exercise

AnNs:

Exercise

x+1_ yIZ - 2_63 in the plane 3x+2y -5z =24.

(@) Let m,n bevectorsin R®.Show that

m-m m-n
(i) det[m - n]:|mxn|2

Find the image of the line

@) (n-n)m—(m-n)n=nx(mxn)

(b) Two planes (r—a)-m=0 and (r—b)-n=0 intersect in a LineL, where
a,b,m,n are constant vectors and r is any position vector R®. Express the
real numbers A4 and x in terms of a,b,m and n such that the point
represented by the position vector p=Am+ un lieson the line L.

Show that
nx(mxn) +(b-n) mx (nxm)

p:(am) 2 2
|m><n| |m><n|

Consider the line L:)(T_lzy;zzE and the plane 7:x+y+z=0.

(@) Find the coordinates of the point where L intersects =.

(b) Find the angle between L and r«.

T 4 1
@ (-13-2) (b) E_COS (ﬁ]

Find the equations of the straight line which satisfies the following two conditions:
(i) passing through the point (4,2,-3),
(ii) parallel to the planes x+y+2z-10=0 and x+2y=0

X—4 y-2 743

-2 1 1

Find the equation of the plane passing through the line of intersection of the planes
X+y+z-1=0 and x+4y+3z=0

and parallel to the straight line Xx-1=3y=3(z+1).

- X+2y+2+2=0

—2_y-4_1-4 and X_y-3_12-2

P 1 1 -1 q

If the lines =

are coplanar and perpendicular to each other, find p and (.
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p=l
or 2

gL
2

Exercise Consider the lines

X-2 y-3 z-3
1 2 3

and

L, :
(@) Provethat L, and L, arenon-coplanar .

(b) (i) Find the equation of the plane 7 containing L, and parallelto L, .
(if) Find the equation of the plane z' containing L, and perpendicular to

T.

(c) (i) Findthepoint S atwhich L, intersects =z ' .

(if) Find the equations of line through S and perpendicular to both L, and
L,.

(b) (1)) x+y-z-2=0 (i) 8x—-7y+z-1=0

© (@) @@L0)

x-1 y+1 z-2
2 2

Exercise Find the equation of the plane containing the line (L): and

the point A(11,3)

Ans: 2Xx+3y—-6z=-13

Exercise  (a) The position vector of a point R(x,y,z) is given by z=xi+yj+zk . In
the

figure. R,(X,, Y, Z,) isapointontheplane z:r.n=p .
The line Z:r=ry+ta, where r =X,i+Y,j+2,k, pagses through R, and

does notlieon =« .
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Show that the projection of ¢ on x is given by

‘N
(':r:r0+t(a—a—nj ,teR.
n-n

X=-1-2t X=2-8t
(b) Consider thelines ¢,:< y=3+3t , teR and /,:< y=19t
z=1+t z2=2+4

and the plane 7, :4x+y—-2z-4=0 .
(i) Let P, and P, be the points at which 7z, intersects ¢, and /7,

respectively .

Find P, and P, and show that the line segment PP, is

perpendicular to both ¢, and 7, .

(if) Show that the projections of ¢, and ¢, on 7, are parallel .

X=a, + pt X=a, + p,t
Exercise (@ Let /,:qy=Db +qt and ¢,:<y=Db,+q,t betwo given lines . Suppose
Z=C, +rnt Z=C,+I,t

t

and /¢, intersect .
a-a, P>
Show that (b, —b, q,/=0

¢ —-C, I

(i) If ¢, and ¢, aredistinct, find a vector normal to the plane containing /¢,
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and 7, .

Hence, or otherwise, obtain the equation of this plane .
Consider the lines

X = pt X =qt X=rt
L,:qy=qt, L,:sy=rt and L;:q{y=pt
z=rt Z=pq z=qt

where p,q and r are distinct and non-zero . Find the equation of a plane

containing L, and perpendicular to the plane which contains L, and L,
when

(i) pg+qgr+rp=0

(i) pg+gr+rp=0
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